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Abstract
We developed a variance reduction method of Monte Carlo simulations
as well as an approximation formula based on an asymptotic expansion
approach for pricing bond options and swaptions in HJM framework. As
a numerical example we applied the technique to a realistic two-factor
model and conﬁrmed its validity.1 ͸͡Ίʹ
Heath,Jarrow and Morton[1992] ͸ॳظ࣌఺ͷۚརͷظؒߏ଄Λࣗಈతʹ








HJM Ϟσϧʹ͓͍ͯ͸ɺt ࣌఺ʹ͓͚Δ u(≥ t) ࣌఺։࢝ͷඍখۚརظؒ
























ଓ֬཰աఔʹै͏৔߹ (Kunitomo and Takahashi[1992]ɺTakahashi[1995]ɺ
[1999])ɺ·ͨɺۚརʹؔͯ͠͸ඞͣ͠΋Ϛϧίϑܕͱ͸ͳΒͳ͍࿈ଓ֬཰ա




཰ղੳʹ͓͚ΔϚϦΞόϯɾ౉ลཧ࿦ (ྫ͑͹ɺIkeda and Watanabe[1989]ɺ
Yoshida[1992] Λࢀর)ʹج͖ͮਖ਼౰Խ͞ΕΔɻ(ৄࡉ͸ Kunitomo and Taka-
hashi[2003a]Λࢀরɻ) ϑΝΠφϯεͷ෼໺ʹ͓͚ΔԠ༻ൣғ΋ઌड़ͷϤʔϩο
ύܕ೿ੜূ݊ͷධՁͷ΄͔ଟذʹΘͨΓɺಈత࠷దϙʔτϑΥϦΦ(Takahashi
and Yoshida[2001a]ɺ [2004] ɺ Kobayashi, Takahashi and Tokioka[2001]ɺ Ku-
nitomo and Takahashi[2003b])ɺϞϯςΧϧϩɾγϛϡϨʔγϣϯͷޮ཰Խ






























• ϤʔϩϐΞϯɾΦϓγϣϯͷߦ࢖࣌఺ɿ¯ T (0 < ¯ T<T )
• ϤʔϩϐΞϯɾΦϓγϣϯͷߦ࢖Ձ֨ɿK
ݪࢿ࢈ʹରͯ͠͸ɺ
• Ωϟογϡɾϑϩʔͷൃੜ࣌఺ɿ(¯ T< )T1 < ... < Tm ≤ T




Ϩʔγϣϯ෇͖֬཰ۭؒɿ(Ω,F,{Ft}0≤t≤T,P) ʹର ͯ͠ɺϑΥϫʔ υɾ Ϩʔ












α(x,y,z),σ i(x,y,z)( 1 ≤ i ≤ n)͸̏ม਺࣮਺஋ؔ਺























(j =1 ,..., m)














































































औҾظؒ [0, ¯ T]ɺׂ֤Ҿ࠴ͷຬظ (¯ T< )T1,..., Tmʹରͯ͠ɺ্هͷه߸Λ༻
͍ͯ
m × nϘϥςΟϦςΟߦྻɿσ(t)={σ(t)}i,j = ai(t,Tj)
m × 1υϦϑτɾϕΫτϧɿb(t)=( bj(t)) = b(t,Tj)
ͱஔ͘ɻ͜ͷ࣌ɺ
(i)rank(σ(t)) = m (a.s)Ͱ͋Γɺ
(ii)Ft-Մଌͳ n × 1 ࢢ৔ϦεΫՁ֨աఔϕΫτϧ θ(t) ͕ଘࡏͯ͠ɺҎԼͷ̏
৚݅;

     
     
−b(t)+σ(t)θ(t)=0 ( a.s.),






















ϥ΢ϯӡಈͷ࣍਺ n ΑΓ΋ɺ෼ੳͷର৅ͱͳΔׂҾ࠴ͷຬظͷ਺ m ͷํ͕ଟ
͚Ε͹ɺ௨ৗ͸੒Γཱͭ΋ͷͱͯ͠ߟ͑ΒΕɺҎԼ͜ͷԾఆΛஔ͍ͯٞ࿦Λ
ਐΊΔɻ
ͯ͞ɺ͜ͷԾఆͷԼͰ͸ݩͷ֬཰ଌ౓ P ͱಉ஋ͳ͋Δ֬཰ଌ౓ Q ͕ଘࡏ
ͯ͠ɺͦͷ֬཰ଌ౓ Q ͷԼͰ͸ W ∗(t)=( W∗




















































































ϘϥςΟϦςΟؔ਺ σi(f(v,u),v,u) ͸࣮਺஋ΛऔΓɺม਺ (0 ≤ v ≤ ¯ T, ¯ T ≤
u ≤ T)ʹ͍ͭͯඇෛɾ༗քͳ࿈ଓؔ਺Ͱ͋Γɺ͞Βʹ࠷ॳͷม਺ʹ͍ͭͯϦ
ϓγοπ࿈ଓͰ͋Δͱ͢Δɻ͞Βʹɺॳظ࣌఺ʹ͓͚ΔϑΥϫʔυɾϨʔτ









ͯ͞ɺ Ҏ্ͷઃఆʹରͯ͠t࣌఺ʹ͓͚Δ࠴݊ΦϓγϣϯͷՁ֨ΛV (t)( 0 ≤
t ≤ ¯ T) ͱஔ͘ɻ
͜ͷΦϓγϣϯ͸ɺຬظ࣌఺Λ Tj(j =1 ,..., m)ͱ͢Δ m ݸͷׂҾ࠴ͷۚ
༥೿ੜ঎඼ͱߟ͑Δ͜ͱ͕Ͱ͖Δɻ͜͜Ͱɺ֬཰ଌ౓ P ͱಉ஋ͳ͋Δ֬཰ଌ
౓ Q͕ଘࡏͯ͠ɺͦͷ֬཰ଌ౓ Q ͷԼͰ্هͷ֤ P
¯ T(t,Tj) ͸Ϛϧνϯήʔ
ϧʹͳΔͱ͍͏͜ͱ͕ɺ্ͰಘΒΕ͍ͯΔɻͭ·Γɺ¯ T ຬظͷׂҾ࠴Ձ֨Λ
χϡʔϝϨʔϧͱͨ͠৔߹ʹɺຬظΛ Tj(j =1 ,..., m)ͱ͢Δ m ݸͷׂҾ࠴
Ձ֨աఔ͸ɺϚϧνϯήʔϧʹͳ͍ͬͯΔͷͰ͋Δɻ
Αͬͯɺ਺ཧϑΝΠφϯεͰΑ͘஌ΒΕ͍ͯΔࣄ࣮ʹΑΓɺΦϓγϣϯͷ
Ձ֨աఔ V (t)( 0 ≤ t ≤ ¯ T) ΋ ¯ T ຬظͷׂҾ࠴Ձ֨ΛχϡʔϝϨʔϧͱͨ͠
৔߹ʹɺ֬཰ଌ౓ Q ͷԼͰϚϧνϯήʔϧʹͳ͍ͬͯΔͷͰ͋Δɻ͜ͷ͜ͱ






P(¯ T, ¯ T)
 
= EQ[V (¯ T)]
∴ V (0) = P(0, ¯ T)EQ[V (¯ T)]
7ͱͳΔɻ͜͜Ͱɺݪࢿ࢈ͷઃఆʹΑΓྫ͑͹ίʔϧɾΦϓγϣϯͷՁ֨͸ɺ
Vcall(0) = P(0, ¯ T)EQ
   m  
j=1




= P(0, ¯ T)EQ
   m  
j=1
cjP















ͱͳΔɻͨͩ͠ ɺ(x)+ = max{x,0}Ͱ͋Δɻ
ΑͬͯɺҎԼͰ͸֬཰ඍ෼ํఔࣜ (2)ʹΑͬͯهड़͞ΕͨϑΥϫʔυɾϨʔ
























ͳ͍ʢࠃ༑ɾߴڮ (2003) Λࢀরʣ ɻҎԼɺ઴ۙల։ͷ௚ײతͳઆ໌Λߦ͏ɻ
·ͣϘϥςΟϦςΟؔ਺͕খ͞ͳ஋ΛऔΔ͜ͱʹ஫໨ͯ͠ɺݩͷ֬཰ඍ෼
ํఔࣜʹ͓͚Δ ˆ σi(x,v,u)ͱ͍͏ؔ਺Λɺεσi(x,v,u)( 0 <ε≤ 1) ͱ͍͏ؔ

























(i) ύϥϝʔλ εΛݻఆͨ࣌͠ɺϘϥςΟϦςΟσi(f(ε)(v,u),v,u) ͸࣮਺஋Λ
औΓɺม਺ (0 ≤ v ≤ ¯ T, ¯ T ≤ u ≤ T)ʹ͍ͭͯඇෛɾ༗քͳ࿈ଓؔ਺Ͱ͋Γɺ
͞Βʹ࠷ॳͷؔ਺ʹ͍ͭͯ׈Β͔Ͱશͯͷಋؔ਺͸ύϥϝʔλ εʹ͍ͭͯҰ
༷ʹ༗քͰ͋Δͱ͢Δɻ
(ii) ॳظ࣌఺ʹ͓͚ΔϑΥϫʔυɾϨʔτ f(0,u) ͸ม਺u ʹ͍ͭͯϦϓγο
π࿈ଓͱ͢Δɻ
Ծఆ̐































ΔͷͰɺε Ͱ࣍਺෼͚ͩඍ෼ͯ͠ ε =0Λ୅ೖ͢Δํ๏Ͱ֤܎਺ΛܭࢉͰ͖




























































































































































































































































































































࣍ʹɺ্ͰٻΊͨϑΥϫʔυɾϨʔτͷ઴ۙల։Λ༻͍ͯ ¯ T ࣌఺ʹ͓͚Δ
࠴݊Ձ֨ͷ઴ۙల։ΛٻΊΔɻͦͷͨΊʹɺ·ͣ࣌఺ u(> ¯ T) Λຬظͱ͢Δ
ׂҾ࠴ͷ ¯ T ࣌఺ʹ͓͚ΔՁ֨Λ઴ۙల։͢Δͱɺ






















































͑͹ Ikeda and Watanabe[1989] Λࢀর)ɺͦΕΛ༻͍ͯܭࢉ͢Δͱ



















































  ¯ T
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  ¯ T
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  ¯ T
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  ¯ T
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  ¯ T
0

































































(ε)(¯ T)=X1(¯ T)+εX2(¯ T)+o(ε)=
P
(ε)
m,{Tj},{cj} − X0( ¯ T)
ε









call(0) = P(0, ¯ T)E
  









(y + εx)fε(x)dx (4)
V
(ε)
put(0) = P(0, ¯ T)E
  













·ͣɺX(ε)( ¯ T) ͷಛੑؔ਺ ψ(ξ) Λ઴ۙల։͢Δͱ
ψ(ξ)=E[exp(iξX(ε)( ¯ T))]
= E[exp(iξX1(¯ T))exp(εiξ(X2(¯ T)) + o(ε))]
= E[exp(iξX1(¯ T))(1 + εiξX2(¯ T)+o(ε))]
= E[exp(iξX1(¯ T))(1 + εiξ(E[X2(¯ T) | X1(¯ T)]))] + o(ε)







  ¯ T
0








  ¯ T
0


















  ¯ T
0





















ͳͷͰɺX1(¯ T)͸ظ଴஋ 0ɺ෼ࢄ Σ ͷਖ਼ن෼෍ʹै͏͜ͱ͕෼͔Δɻ͜͜Ͱɺ
Σ=
  ¯ T
0















Δ͜ͱɺ͓Αͼ X2(¯ T)=X2,1(¯ T),X 2,2( ¯ T)ͷܗʹ஫໨ͯ͠৚݅෇͖ظ଴஋ʹ
ର͢ΔҎԼͷఆཧΛҾ༻͢Δ (ྫ͑͹ࠃ༑ɾߴڮ [2003] ͷิ୊ 6.4(i))ɻ
ఆཧ̐
W(t)=( Wi(t)) Λ n ࣍ݩϒϥ΢ϯӡಈɺq1(t) Λ R  → R1×nɺq2(t) ͱ q3(t)




q1(t)q1(t) dt < ∞
ͱ͢Δɻ͜ͷͱ͖೚ҙͷ࣮਺ xɺ͓Αͼ೚ҙͷ t ≤ T ʹରͯ͠ҎԼͷؔ܎͕
੒Γཱͭɻ
E
   t
0




















͜ͷఆཧΛ༻͍Δ͜ͱʹΑΓɺ৚݅෇͖ظ଴஋ E[X2,1(¯ T) | X1(¯ T)=x]ɺ
͓Αͼ E[X2,2(¯ T) | X1(¯ T)=x] ͕ٻΊΒΕɺE[X2(¯ T) | X1(¯ T)=x] ͕ಘΒ
ΕΔɻ͜ͷఆཧΛ༻͍ͯܭࢉͨ݁͠ՌΛࣔ͢ͱ


































  n  
i,k=1














X1(t)͸ σX1(t) ͷ i ൪໨ͷཁૉΛද͢ɻ
Αͬͯ E[X2(¯ T) | X1(¯ T)=x]͸ɺ
E[X2(¯ T) | X1(¯ T)=x]=
c






















  n  
i,k=1












ͱஔ͍ͨɻҎ্ͷܭࢉ݁ՌΑΓ X(ε)(¯ T) ͷಛੑؔ਺ ψ(ξ) ͸



















































Ͱ͋ΔΑ͏ͳ֬཰ม਺ Y (ε) ΛऔΕ͹ɺͦͷಛੑؔ਺͕ ψ
(ε)
1 (ξ) ʹͳΔ͜ͱ͕















Δ͜ͱ͕Ͱ͖Δɻ(4) ࣜͱ (5) ࣜʹ (8) ࣜΛ୅ೖ͢Ε͹ɺ
V
(ε)








































(y + εx)fε(x)dx + o(ε)










































(−y − εx)fε(x)dx + o(ε)

















































































(−y − εx − ε2 c
Σ2(x2 − Σ))n[x;0,Σ]dx













































  ¯ T
0


































  n  
i,k=1








































call(0) = P(0, ¯ T)E
  












call(0) ≈ P(0, ¯ T)E
  






= P(0, ¯ T)E
  
y + εX1(¯ T)+ε2 c
Σ2
 








  ¯ T
0












































































call( ¯ T) − V
(ε)
call(0)/P(0, ¯ T)}−{¯ V
(ε)









































తʹܭࢉ͢Δɻͳ͓ɺ઴ۙల։ʹ͓͚Δ ε ͸ ε =1ͱݻఆ͠ ͯܭࢉ͠ ͯ΋ ɺ
σ1,σ 2 Ͱௐ੔Ͱ͖ΔͷͰҰൠੑΛࣦΘͳ͍ɻΑͬͯɺҎԼͰ͸ ε =1ͱݻఆ
21ͯ͠ܭࢉ͢Δ΋ͷͱ͠ɺ͍͍ͪͪஅΒͳ͍ɻ
ɹ ·ͨɺॳظͷۚརͷظؒߏ଄ͱͯ͠͸








γϣϯͷՁ஋ V (¯ T) ͸ܭࢉػΛ༻͍Ε͹༰қʹܭࢉͰ͖ΔɻͦͷͨΊ઴ۙల
։Λ༻͍ͯܭࢉ͢Δඞཁ΋ͳ͍ͷ͕ͩɺ࣮ࡍʹ྆ํͷܭࢉ݁ՌΛൺֱͯ͠Έ
Δ͜ͱʹΑΓ઴ۙల։ͷਫ਼౓Λݕূͯ͠ΈΔɻͨͩ͠ɺ






̎ͭͷؔ਺ h1(x),h 2(x) ΛҎԼͰఆٛ͢Δɻ
h1(x)=
h0(10001 − x)
h0(x − 10000) + h0(10001 − x)
h2(x)=
h0(x − 10000)














h(x)=h1(x)xγ + h2(x)10000γ (0 ≤ γ ≤ 1)











ಘΔͨΊୈ 4 અͰ঺հͨ͠ํ๏Λద༻͢Δɻ਺஋ܭࢉ݁ՌʹΑΔͱ (ޙهͷ
ද̎ʙ̑ԼஈΛࢀর)ɺ1000 ճͷύεʹΑΔฏۉ஋ͷ 500 έʔεதͷ࠷େͷ
ޡࠩ཰Λݟͯ΋ɺղੳۙࣅͷ݁Ռʹൺͯ͠ਫ਼౓͕վળ͍ͯ͠Δɻ͞Βʹɺඪ
४తͳϞϯςΧϧϩɾγϛϡϨʔγϣϯʹൺ΂ɺඪ४ภ͕ࠩ 1 έʔεΛআ͖




ఆड͚ͷۚར͕ OTM(Out of The Money)͔Β ITM(In The Money)ʹ্ঢ
͢Δʹै͍ޡࠩ཰͕খ͘͞ͳΓɺٯʹ 40%OTM ͷ࣌͸ɺޡࠩͷઈରਫ४͸
3-4 ϕʔγεɾϙΠϯτఔ౓Ͱ͸͋Δ͕ɺޡࠩ཰͸࠷େͱͳΔɻ·ͨɺܭࢉ
ྫ̎ʹ͓͚Δ֤γ ʹର͢Δ݁ՌΛܭࢉྫ̍΋ؚΊͯ (γ =0ʹ૬౰) ൺֱ͢Ε
͹ɺγ ͕େ͖͘ͳΔʹै͍ޡࠩ཰͕େ͖͘ͳΔͱ͕؍ଌ͞ΕΔɻ
͜ͷཁҼͱͯ͠͸ɺ઴ۙల։๏͸ϑΥϫʔυɾϨʔτͷ෼෍Λਖ਼ن෼෍
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ύεΛ 1000 ճൃੜͤ͞ฏۉ஋Λܭࢉ͢Δ͜ͱΛ 500 έʔεߦ͍ɺϞϯςΧ







ճຖͷฏۉ஋Λ 500 έʔεܭࢉ͠ɺ֤ฏۉ஋ͷϞϯςΧϧϩ๏ 250 ສճͷฏ
ۉ஋ʹର͢Δޡࠩ཰Λܭࢉ͠ɺͦͷ 500 έʔεͷޡࠩ཰ͷඪ४ภࠩٴͼ࠷େ
஋Λදࣔͨ͠ɻ
ද 1: h(x)=1 ( const),σ 1 =0 .01,σ 2 =0 .004,α =0 .5,β =2
40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ 0.006855 0.016660 0.024251 0.033899 0.045653 0.059431 0.092194
઴ۙల։ 0.006852 0.016639 0.024230 0.033881 0.045633 0.059408 0.092190
ޡࠩ཰ -0.05% 0.13% 0.09% 0.05% 0.04% 0.04% 0.00%
26ද 2: γ =0 .25,σ 1 =0 .02115,σ 2 =0 .008459,α =0 .5,β =2
ऩଋ஋ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ 0.006468 0.017023 0.025120 0.035248 0.047374 0.061365 0.094068
઴ۙల։ 0.006752 0.017223 0.025284 0.035395 0.047525 0.061537 0.094289
ޡࠩ཰ 4.38% 1.18% 0.65% 0.42% 0.32% 0.28% 0.23%
ޡࠩ཰ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ — — — — — — —
(1) ඪ४ภࠩ 6.58% 3.81% 2.97% 2.26% 1.64% 1.16% 0.58%
࠷େޡࠩ཰ 22.86% 13.35% 9.91% 7.47% 5.47% 4.03% 1.94%
෼ࢄݮগ๏ — — — — — — —
(2) ඪ४ภࠩ 0.71% 0.33% 0.24% 0.17% 0.11% 0.07% 0.05%
࠷େޡࠩ཰ 2.37% 0.91% 0.64% 0.45% 0.35% 0.27% 0.19%
(2)/(1)(%) 10.78% 8.59% 8.18% 7.34% 6.45% 5.88% 7.76%
ද 3: γ =0 .5,σ 1 =0 .04472,σ 2 =0 .01789,α =0 .5,β =2
ऩଋ஋ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ 0.006139 0.017472 0.026097 0.036729 0.049257 0.063506 0.096261
઴ۙల։ 0.006557 0.017789 0.026360 0.036969 0.049515 0.063806 0.096648
ޡࠩ཰ 6.81% 1.82% 1.01% 0.65% 0.52% 0.47% 0.40%
ޡࠩ཰ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ — — — — — — —
(1) ඪ४ภࠩ 7.66% 3.99% 3.01% 2.23% 1.60% 1.13% 0.58%
࠷େޡࠩ཰ 25.32% 13.75% 10.05% 7.37% 5.37% 3.99% 1.94%
෼ࢄݮগ๏ — — — — — — —
(2) ඪ४ภࠩ 0.71% 0.27% 0.19% 0.14% 0.10% 0.08% 0.05%
࠷େޡࠩ཰ 2.91% 1.00% 0.76% 0.51% 0.39% 0.30% 0.22%
(2)/(1)(%) 9.24% 6.68% 6.21% 6.10% 6.37% 6.82% 8.84%
27ද 4: γ =0 .75,σ 1 =0 .09457,σ 2 =0 .03783,α =0 .5,β =2
ऩଋ஋ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ 0.005830 0.017967 0.027144 0.038308 0.051282 0.065843 0.098787
઴ۙల։ 0.006262 0.018365 0.027491 0.038641 0.051645 0.066263 0.099307
ޡࠩ཰ 7.41% 2.22% 1.28% 0.87% 0.71% 0.64% 0.53%
ޡࠩ཰ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ — — — — — — —
(1) ඪ४ภࠩ 9.21% 4.25% 3.10% 2.24% 1.59% 1.13% 0.60%
࠷େޡࠩ཰ 30.92% 14.40% 10.79% 7.78% 5.41% 4.01% 2.00%
෼ࢄݮগ๏ — — — — — — —
(2) ඪ४ภࠩ 0.62% 0.23% 0.17% 0.13% 0.10% 0.06% 0.04%
࠷େޡࠩ཰ 2.20% 0.80% 0.56% 0.45% 0.31% 0.25% 0.13%
(2)/(1)(%) 6.70% 5.48% 5.45% 5.79% 6.08% 5.69% 6.60%
ද 5: γ =1 .0,σ 1 =0 .2,σ 2 =0 .08,α =0 .5,β =2
ऩଋ஋ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ 0.005541 0.018523 0.028292 0.040028 0.053489 0.068414 0.101701
઴ۙల։ 0.005850 0.018946 0.028678 0.040415 0.053925 0.068925 0.102290
ޡࠩ཰ 5.57% 2.28% 1.36% 0.96% 0.82% 0.75% 0.58%
ޡࠩ཰ൺֱ 40%OTM 20%OTM 10%OTM ATM 10%ITM 20%ITM 40%ITM
ϞϯςΧϧϩ๏ — — — — — — —
(1) ඪ४ภࠩ 11.27% 4.64% 3.25% 2.30% 1.62% 1.16% 0.63%
࠷େޡࠩ཰ 38.59% 15.63% 10.71% 7.67% 5.56% 4.16% 2.23%
෼ࢄݮগ๏ — — — — — — —
(2) ඪ४ภࠩ 0.51% 0.26% 0.22% 0.16% 0.12% 0.07% 0.03%
࠷େޡࠩ཰ 1.66% 0.70% 0.67% 0.50% 0.33% 0.23% 0.06%
(2)/(1)(%) 4.55% 5.69% 6.77% 6.93% 7.14% 5.92% 4.58%
28